Asymptotic behavior for dissipative 
Korteweg-de Vrie equations 

Stephane Vento, 
Universite Paris-Est, 
Laboratoire d'Analyse et de Mathematiques Appliquees, 
5 bd. Descartes, Cite Descartes, Champs-Sur-Marne, 
77454 Marne-La-Vallee Cedex 2, France 

E-mail: stephane.vento@univ-paris-est.fr 



Abstract. We study the large time behavior of solutions to the dissipative 
Korteweg-de Vrie equations ut + Uxxx + + uux = with < a < 2. 

We find V such that u—v decays like as t ^ oo in various Sobolev norm. 

Keywords : KdV-like equations, dissipative dispersive equations, large 
time behavior 

AMS Classification : 35Q53, 35B40 

1 Introduction 

In this paper we study the asymptotic behavior of solutions to the following 
dissipative KdV equations 

Ut+Uxxx + \D\'^u + uUx = Q, tG]R+,3;GM, fdKdV) 
-0,(0,2;) = uq{x), rc G R, ^ ' 

with < a < 2 and where is the Levy operator defined through its 

Fourier transform by \D\'^ip{^) = \i\°'(p{C}- Here u = u{t,x) is a real-valued 
function. 

The (jdKdVP equations are dissipative versions of the well-known KdV 
equation 

Ut + Uxxx + UUx = (1.1) 

which have been extensively studied. Equation (jl.ip is completely integrable 
and there exists an infinite sequence of conserved quantities. For sufficiently 
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smooth initial data, we know that global in time solutions exist and can be 
asymptotically written as a sum of traveling wave solutions, called solitons, 
see p], [H]. 

Concerning the pure dissipative equation 

ut + iDl^'u + uur, = 0, (1.2) 

it has been proposed to model a variety of physical phenomena, such that the 
growth of molecular interfaces (cf. [12]). Also, in [7], Jourdain, Meleard and 
Woyczynski pointed out the main interest of equation (II. 2p in probability 
theory. Biler, Punaki and Woyczynski proved in [3] several local and global 
well-posedness results, in particular in the general setting < a < 2, they 
obtained weak solutions of ()1.2p . Using the Fourier splitting method first 
introduced by Schonbek in |17j . they showed that regular solutions satisfy 
the estimate 

||n(t)||i2 <c(l + t)-V2" (1.3) 

for all f > 0. This result was improved by Biler, Karch and Woyczynski [4j 
in the case of a diffusion operator of the form —9^ + \D\°'. See also for 
asymptotic results concerning ()1.2p with 1 < a < 2. 

Let us turn back to the (jdKdVp equation. The Cauchy problem (jdKdVp 
with < a < 2 has been shown to be globally well-posed in the Sobolev 
spaces H^(M) for all s > —3/4 and furthermore, the solution u{t) belongs 
to i?°°(R) for any t > (cf. [E]). When a = 1/2, (|dKdVll models the 
evolution of the free surface for shallow water waves damped by viscosity, 
see [16]. When a = 2, (IdKdVP is the so-called KdV-Burgers equation which 
models the propagation of weakly nonlinear dispersive long waves in some 
contexts when dissipative effects occur (see [IBj). In the case a = 0, (IdKdVI) 
reads 

ut + Uxxx +U + un^ = (1.4) 

and it is easy to get the decay rate for the L^-norm of the solution. Indeed, 
multiplying (|1.4p by u and integrating over M give for regular solutions the 
equality 

-dt / u^{t,x)dx + / u'^{t,x)dx = 0, 

^ J —oo J —oo 

and it follows immediately that 

||ii(t)||i2 = 0(e"*) as t ^ oo. 
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Now consider the KdV-Burgers equation ( (|dKdVp with a = 2). In a sharp 
contrast with what occurs for (jl.4p . Amick, Bona and Schonbek [1] proved 
that if no € L^(M) n H'^(M.), then the corresponding solution satisfies 

\\umL^<c{i+tr'/^ (1.5) 

and furthermore, this estimate is optimal for a generic class of functions. The 
proof of this result is based on a subtle use of the Hopf-Cole transformation. 
Later, Karch [TO] improved this result by showing that the asymptotic profile 
of the solution with a mass M is given by the fundamental solution Um of 
the viscous Burgers equation (eq. (|1.2p with a = 2) 

Ut — Uxx + '^'^x = 

with the same mass. More precisely, we have 

LP ^ as t ^ OO 

for each p E [l,oo]. In other words, we can say that for large times, the 
dispersion is negligible compared to dissipation and nonlinearity effects. His 
method of proof is based on a scaling argument. This kind of behavior was 
also heuristically observed by Dix in [6]. He called this situation the "bal- 
anced case" because both dissipation and nonlinearity contributions appear 
in the long time behavior of the solution, this is formally expressed by the 
relation a = 2. 

In the present paper we study the so-called " asymptotically weak nonlin- 
earity case" a < 2. For a large class of equations, solution of the nonlinear 
problem asymptotically looks like solution of the corresponding linear prob- 
lem (with same initial data) . One of the goals of this article is to show that 
similar behaviors occur for (jdKdVp with < a < 2. 

Following the works of Karch [9], we shall mainly work on the integral 
formulation of (jdKdVP : 

1 /■* 

u{t) = Sc,{t) * uo - - Sa{t-s)*dxu'^{s)ds (1.6) 
^ Jo 

valid for any sufficiently regular solution, and where Sa{t) is defined by 

First, using the properties of the generalized heat kernel, we give a complete 
asymptotic expansion of the free solution Sait)*uo. After deriving the decay 
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rates estimates of the solution in various Sobolev norms || • ||, we show that 
\\u{t) — Sa{t) * uq\\ is bounded by ct~^^°'\ r{a) > 0. Next, we improve this 
result by finding terms w = w{t,x) such that \\u{t) — Sa{t) * uq — w{t)\\ 
decays to zero faster than t~'^^°'\ 



Notation. The notation to be used are standard. The letter c denotes a 

constant which may change at each occurrence. For p € [1, cxd] we define 

(\ i/p 
J^^\f{x)\Pdx] with 

the usual modification for p = oo. If / = f{t,x) is a space-time function, 
the L^'-norm of / will be taken in the x-variable. For j > and p € [1, oo], 
the Sobolev spaces HP'^{M) and H^'^iM) are respectively endowed with the 
norms = + WdifUv and = WdifUv. When p = 2, 

we simphfy by the notation and W{M.). If / E 5'(M), we define its 

Fourier transform by setting /(^) = J-f{£,) = e~^^^ f{x)dx. 
We introduce Ga, the fundamental solution of the equation ut + |Z)|°u = 0, 
i.e. 

1 f'°° 

Go,{t,x) = — / e^^^e-*l^l"de, t > 0. 

It is clear that Ga has the self-similarity property 

Ga{t, x) = X G M, t > 0. (1.7) 

On the other hand, we know that Ga{t) G H'^'^M.) for any p G [l,C)o] and 
j > 0, see for instance |13] . 

Finally, for / G L^{x^dx), j G N, we set Mj{f ) = f{x)x^dx. 



2 Main results 

As we are going to show, the solution of (jdKdVp can be approximated by 
the solution of the corresponding linear equation. We first give a complete 
asymptotic expansion of Sa{t) * uq, which will be used in the proof of the 
main theorem. 

Theorem 2.1. Let p G [l,oo] and j,N G N. Then for all t > 1 and 

uoeL\{l + \x\)^+^dx), 

Sa{t)*u,-Y,^—^Mn{uo)d:Ga{t)-Y,j,Y. ^-^M,{uo)di{-d,f^Ga{t) 

n=0 ■ k=l ' £=0 

< ct-(l~l/P)/"-J'/a~(Af+l)/" (2.1) 
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Remark 2.1. When N = 0, the sum '^i^—i in 112.1]) has to be understood 
as 0, and thus \2.1\) reads 

\\S^{t) * - M^{uo)G^{t)\\^,, < ct-(i-i/p)/-j7-i/". (2.2) 
If N = 1, we have the following asymptotic expansion for Sa{t) * uq, 
\\Sa{t) * uo - Mo{uo)Ga{t) + Miiuo)d^Gait) + tA^oK)9^G'«(t) ||^,,, 

Remark 2.2. The term Yln=o ^^Mn{uo)d^Ga{t) in (KM) corresponds 
to the asymptotic expansion of Gait) * uq, solution to the generalized heat 
equation ut + \D\'^u = 0. The other terms are due to the dispersive effects 
and appear only for N >\. 

Now we consider the nonlinear equation (jdKdV|l with < a < 2. 
Throughout this paper, we make the following assumptions : 

no € ^^(M) nL2(M), (2.3) 

n G C7(]0,oo[;/7°°(R)), (2.4) 
if Mo e ^^ W, then sup ||9>(t) 11^2 < oo. (2.5) 

For Uq € -L^(M), existence of global solutions satisfying ()2.4p was proved for 
example in [15]. Moreover, if no € //•'(M), it was shown that the solution is 
continuous from [0, oo[ to (M). In SectionlH we will show that assumption 
(j2.5p is verified for such solutions when uq € L^(M) nL°°(M), at least in the 
case a > 1. 

Theorem 2.2. Let p G [2, oo] and j G N. Assume that uq G f/'-'+^(IR) n 
L"'^(M) and Ii2.4\ )- f275\} hold true. Then we have 

||^x(t)||^,,, <c(l + t)-(i~i/P)/"~^>, t>0. (2.6) 

When j = 0, h2. 6)) is valid for all p £ [l,oo]. 

Next we find the first term in the asymptotic expansion of the solution. 
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Theorem 2.3. Let p € [2, oo] and j E N. We assume that uq e H^^ 
L^(M) and that the solution u satisfies ^2.4\ )- f275\) . Then, for all t > 0, 



n 



(1 + t){-{i-i/p)/"-i/")-i/« for < a < 1, 
\u{t)-S^{t)*uo\\Hr>,, <c{ (l + t)(-(i-i/P)-J')-Mog(l + t) for a = l, 

(1 + t){-{i-i/p)/"-i/")-{2/"-i) for l<a<2. 

In view of Theorems 12 . 2 1 and 12 . 3 1 it is clear that decay rate of u{t) — Sait)* 
uq in i^P'-^-norm is better than when considering only u{t). In order to find 
other terms in the asymptotic expansion, we need to consider separately the 
cases 0<a<l, q; = 1 and 1 < a < 2. 



When 0<a<lora = l, the difference between the asymptotic behav- 
ior of the first and second term is subtle. For the first term, we have \\u{t) — 
Sa{t)\\HP,j = 0(r(^-^/P)/"-^/"-^/") (when a < 1), whereas for the second 
one, say w{t), we have \\u{t) - Sa{t) - w{t)\\^p,, = o(t-(i-Vp)/"-j7"-i/"). 
The following result holds for a < 1. 

Theorem 2.4. Suppose p G [2,oo], j G N, uq G W+^{R) n L^(M) and that 
i2.4\ )- [275\) are verified. 



(i) If < a < 1, then 

^{{l-l/p)/a+j/a)+l/a 

as t ^ oo. 

(ii) If a = 1, then 



u{t)-Sait)*uo+-, 



oo roo 



v?{s,y)dydsjdxGa{t) 
(2.7) 



HP '3 



\ogt 

where M = M.q{uq) = mq- 



M2 

u{t) - Si{t)*uo + — (logt)9^Gi(t) 
47r 



(2. 



Remark 2.3. In the case a < 1, the integral f^^u'^{s,y)dyds which 
appears in {2.1^ is convergent due to Theorem\2. 



oo foc rco 
2 



u {s,y)dyds = / ||n(s;||^2 




poo roo 

/ \\u{s)\\l2ds < c (l + s)-i/"ds 
Jo Jo 



< CXD. 



Now we deal with the case 1 < a < 2. In this situation we get an 
asymptotic expansion of the solution at the rate 0{t~^^~^^P^^'^~^^°'~^^°') (in 
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//P .J -norm, and for almost every a) but we need more than two terms in 
this expansion to derive it. The main idea is to use the successive terms 
F^{t) which appear in the Picard iterative scheme apphed to the Duhamel 
formulation (jl.6p . i.e. 

r = 5,(t)*wo, 

\ = S^{t) * no - i /o S^{t - s) * d^{F^{s)fds. 

Theorem 2.5. Letl < a <2, p ^ [2,oo], j G N anduQ G nLi(R). 
Suppose that conditions ^2.4\ ) and \2. 5|) are satisfied. 

(i) If ^WTT < « < ^Wri for aN £ N, then 

\\u{t) - F^+\t)\\^,,, < c(l + t)-(i-i/p)/"-i/"-i/". 

^ii; //a = foraNG N, then 

\\u{t) - F^+\t)\\^,,, < c(l + iog(l + t). 

Remark 2.4. T/ie results obtained in this paper for idKd V]) could be cer- 
tainly adapted to more general dispersive dissipative equations taking the 
form 

ut - \D\^d^u + |Z)|"n + d^f{u) = 0, (2.9) 

where f is sufficiently smooth function behaving like u\u\'^^^ at the origin. 
Such general models were studied by Dix in J^. Similar asymptotic expan- 
sion for solutions to h2. 5^) could be obtained in certain cases, when dissipation 
is not negligible in comparison with dispersion and nonlinearity : 

( a < r + 1, 
\ < a < q. 

The remainder of this paper is organized as follows. In Section [Sj we 
derive linear estimates and prove Theorem 12.11 Uniform estimates of the 
nonlinear solution are obtained in Section HI The decay rate (12. 6p is estab- 
lished in Section [5j Finally, Section [6] is devoted to the proof of Theorems 
EHEaandO 

3 Linear estimates 

In this section, we prove some estimates related with Sa{t) and Ga{t). Our 
first lemma is a direct consequence of the self-similarity of Ga- 
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Lemma 3.1. For any p G [1, oo] and j E N, 

l|G.(t)||^,„=cr(i-^/^)/-^>. (3.1) 

Proof. Equality (jl.7p and a change of variables yield 

i/p 
i/p 

The case p = cxo is straightforward. □ 

Let us recall the following elementary result which will be extensively 
used in our future considerations. A proof of (j3.3p can be found in [8]. 

Lemma 3.2. If I < k < j and f £ H^{R), then 

\\f\\l^<\\f\\L4UL^, and \\d'jh.<\\f\\'-,'/'\\dif\\%'. (3.2) 
Moreover, for any f € ^^((1 + \x\)dx), one has 

\\f\\h<c\\fh4dJ\\L^. (3.3) 
Next lemma describes the asymptotic behavior of Sa{t). 
Lemma 3.3. For any p G [1, oo] and j, N gN, 

N .n 

S^{t) - y i-{-d,f-Go.{t) < ct-(i-Vp)/«-.7--{3/a-i)(7V+i), (3 4) 



n=0 



Proof Setting A{t) = S^{t) - Z'^^^, |^(_a,)3-G„(t), we obtain 

AT 



, j.n 

n=0 

Using the Taylor expansion of the exponential function, we have 

.3 (it^,^ 



n=0 



(A^ + l)! 
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Thus, Plancherel theorem and the change of variables ^ = t ^/"ry give 

/oo 
-oo 



-oo 

/oo 
-oo 



Ct' 



-l/a-2i/Q-2{3/a-l)(Af+l) 



which yields the result for p = 2. Now the case p = oo follows immediately 
from (j3.2p . When p = 1, we use estimate (j3.3p . One has 



/>oo 
J —oo 

^-^ n! 



A'' „ /•.\nc3n— 1 o-, \ 1 /9 

ra=0 

°° ^ 1/2 



ra=0 

<ci^+H / i|C|20-i+3(^+i))e-2*l?l"d^ 

|^|2{i+a-l-f3{iV-fl))g-2t|C|"^^j 

+ Ct( / |^|^^^'+2)|t^3|27Vg-2*|er^^ 
< ^^-l/2a-j/a-(3/a-l)(Af+l)-fl/a_ 

It follows that (|3.4p holds true for p = 1 and then for all p G [l,C)o] by 
interpolation. □ 

Lemma 3.4. For all p G [2, oo] and j G N, 

wsaimH,, <ct~(^~ypy-^/- (3.5) 

and 



00 



00 



^(,fN+2( I |^|20-+a-l-f3{iV-fl))^-2t|Cr, 



1/2 



■3/«l 



Proo/. Forp = 2, = \\Gait)\\fjj = ct-i/^a-j/a^ rpj^gj^ ^ follows 

by the first inequality in (j3.2p and by interpolation. Concerning the L^- 
norm, (13. 4p with = and p.ip provide 

□ 



Now we state a decomposition lemma for convolution products. 

Lemma 3.5. Let p G [1, oo] and iV G N. For any h G L^dl + \x\)^+^dx) 
and g G C^+^M) n HP^^+\W), 



N 



g * 



(-!)• 



n=0 



n! 



■MnWd^g <c\\d^^'g\\L4h\\LHM^+^d.)- 



Proof. It is an easy consequence of the Taylor formula as well as Young 
inequality. □ 

Applying Lemma 13.51 with g = dlGa{t) and using estimate ()3.ip . we 
deduce the 

Corollary 3.1. If p G [l,oo] and j,N G N, then 



N 



G^{t)*h-Y,^-^Mn{h)d-Mt) ^ , <cr(i-i/^')/"-^-/"-{A^+i)/«||/,|| 



n=0 



/or an|/ /i G ^^((1 + \x\)^^'^dx). 

We are now in a position to prove Theorem 12. 1[ 
Proof of Theorem \2.1\ By the triangle inequality, 



n=0 



k=l i=0 



< 



* uo - Go^it) * no - ^ yi-d.f'^Gait) 



k=l 



* no 



N 



( — 1)'^ 

Ga{t) * no - V ^^Mn{m)d^Ga{t) 

^-^ n! 



n=0 



A;=l 

:= I + II + III. 



N-i . -.^e 



i=0 



HP- J 
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/ is estimated with the help of ([37 



< 



k=0 



LP 



di{s.{t)-Y.j-^{-d.rG^{t) 



k=0 



LP 



< ct 



-il-l/p)/a-j/a-i3/a-l)iN+l) ^ ^^-{l-l/p)/a~j /a-iN+l)/a 



since a < 2. Concerning //, we use Corollary 13.11 as follows : 
Finally for the term ///, Corollary 13.11 allows us to conclude 



N-l 



k=l 



{-ly 



Me{uo)diGUt) 



LP 



N 



< ^^~{l~l/p)/a-j/a-N/a ^ ^ 

k=l 

< cf-(l-l/p)/a-i/a-Af/a+l-3/a 

< ct-(l-l/p)/«-i/a-(JV+l)/a_ 



{l-3/a)fc 



□ 



4 Uniform estimates of solutions to (IdKdVI) 

We begin by the proof of Theorem 12.21 in the case j = and p = 1. 

Lemma 4.1. Let uq G L-'^(M) n L^(R) and u be a solution of jldKd V\) satis- 
fying {2.4\) - Then for all t > 0, 

\\u{t)\\Li < II-uoIIli. 

Proof. Multiply (jdKdVp by sgnu and then integrate over M : 



dtWu 



/oo 
{uxxx + \D\°'u + uu^)sgnu. (4.1) 
-oo 



We are going to show that for each t > 0, the right-hand side of (j4.ip is 
negative. Note that assumption (j2.4p means that for each t > 0, there exists 
c = c(t) such that 

Vj>0, \\diu{t)h2<c. (4.2) 
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Since — is the generator of contraction semigroup in L^(R), for each 
u G V{-\D f) (the domain of -\D\"'), 



|D|°nsgnn = lim 
= hm — 

s^O S 



< hm sup - 

< 0. 



CO e'^\Dru-U 



■ sgnii 



— sIDI" I 

e ' ' lisgnti — \u\ 



e I I u\ 



This last inequahty is sometimes called Kato inequality, see 12]- [3] • To show 
that the other terms in the right-hand side of (14. ip are also negative, we 
introduce the following smooth regularization of the sgn function 

r 1 if e > ??vr/2, 

sgn^(0 = <^ sin(C/r/) if \C\ < w/2, 
( -1 if C < -7?7r/2. 



Then, an integration by parts gives 



uur sgn u = — lim / uu^ sgn„ u 



- lim / 



u^Ux sgn^ u. 



On the other hand, sgn^ has its support in [— ?77r/2, ?77r/2] and | sgnj^ | < I/?], 
hence setting = {x : \u\ < r]TT/2,Ux 7^ 0}, one has mes(M^) (mes 
denotes the Lebesgue measure) and 



n^n^. sgn^u 



< - 

7] 



- / \u^Uj,\ < 07711^1:11^2 ( / 

V J Mr, ^ J Mr 



N 1/2 







as 7/ —> by (|4.2p . Thus J ^^uux sgn u = 0. We proceed similarly for the 
last term. 



Uxxx sgn u 



lim / Uxxx sgn u = hm 



and 



1 

< - 



r] Jm, 



\UxxUx • 



UxxUx sgn^ -u 



Now we define u by setting u = u on and u = elsewhere. Then by 
C auchy- S chwartz , 



UxxUx sgn^ u 



1 

< - 



V J- 



00 

"^^xxUxl ^ ~ ll^xx II ll'Ux . 



V 
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The second estimate in ()3.2p and (j4.2p yield 



1^2 \\"'XX\\l2 

and 



Mr, 



lka;a;||L2 < WuW^^i \\Uxxxx\t'l2 = { I Wl"^) ^ ( [ \Uxxxx\'^) ^ < C?]^/^ mes(M^)^/^ . 

^ J Mr, ' ^ J Mr, ' 

Gathering these two last estimates we infer 

/oo 
UxxUx sgnj^ u < cmes(M^) 
-oo 

and so Uxxx sgnu = 0. Finally 

dt\\uit)\\Li <0, 

which complete the proof of Proposition I4.1[ □ 

Corollary 4.1. Let uq G L^(M) n ^^(R) and u be a solution of lldKdV]) 
satisfying \2.4^ . Then, 

Vt>0, ||n(t)||i2 < c(l + ^4_3^ 

Proof. If we multiply (|dKdVp by u and then integrate the result over M, 

d4u{t)\\l, = -2\\\Dr/Ml^<Q. 

In particular, ||n(t)||j;^2 < ||no||L2. For all t > 0, last equality allow us to 
write 



dt 



oo 



" J-oo J|C|>(at)-i/Q 

" J-oo Oi J\£,\>(at)-^/°' 

= -t''-' [ \u{t,0\'dC 

« i|5|<{at)-l/« 

< ct2/"-i|ln(t)||2, mes{le| < (at)"^/"} 

The integration of this inequality over [0, t] provides the desired result. □ 

13 



Now we show that if a > 1, solutions of (jdKdVp satisfy the maximum 
principle. The restriction on a is mainly due to the fact that one has = 

only if a > 1. 

Lemma 4.2. If u is a solution to idKdV]) with a > 1 associated with initial 
data uq € L°°{R), then 

inf no < u{t,x) < supuo (4-4) 

for a.e. {t,x) G [0,cx)[xM. 

Proof. Let m = inf uq, M = supuo and = max(0,u — M — e), u" = 
min(0, u + m + e) for some e > 0. We multiply (jdKdVp by u'^ and integrate 
over R to get 

/oo 
{ut + Uxxx + iDl^'u + uux)u^ = 0. (4.5) 
-oo 

On the support of u^, it is clear that ut = uf, Ux = u^ and \D\"u = 
\D\°'u^, this last equality follows from the relation = for a > 1. 

We deduce f^^utu+ = i3t||u+(t)|||2, jT^UxxxW^ = jToo^txxU^ = and 
/^|L>|"uti+ = /_!^ |L>|°u+n+ = |||L>|°/2^i+|||2 by Plancherel. On the 
other hand, one has J_^uUxU^ = J_^{u~^ + M + e)u^u~^ = 0. Inserting 
this into (j4.5p and integrating over [0, t] we get 

\\u+mh + 2 r \\\Dr/'u+is)\\Us = \\u+mi, = o 

Jo 

and thus u'^(t) = a.e.. Consequently, we have u{t) < M + e for all e > 0, 
and the second part of (14. 4|) is proved. The same arguments hold with u~^ 
replaced by u~ and give the first inequality. □ 

Following flO], we introduce for A > 1 the following rescaled solution 

ux{t, x) = An(A^t, Xx). 

Obviously, u\ satisfies the equation 

dtux + X'-^dxxxUx + X^'^'lDl^ux + uxdxUx = 

with initial data UQ^xix) = Xuq{Xx). 

Lemma 4.3. Let uq G L^(M) n L°°(M) and u be a solution of lidKdV]} with 

1 < a < 2 satisfying {2.4\) - For j > 0, T > and < t < T , there exists 
c = c(t,T) such that for all A > 1, one has \\diux{t)\\i2 < c. 
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Proof. The method of proof is based on an induction on j. If j = 0, one 
easily deduce from Corollary 14.11 and Lemma 14.21 that < ct~^/"^ 

for 2 < p < oo and thus 

\Wx{t)\\Lp < cA^-(^+2/")/Pt-V"P. (4.6) 

In particular for p = 2 and A > 1, ||tiA(i)||L2 < c{t). Suppose now that the 
result is true for all k < j. Consider S^{t) (resp. the semigroup 

generated by X'^d^^^ + A2-"|Z)|° (resp. A2-"|L>|°) so that we have for 
0<t,t' <T 

uxit + t') = S^{t) * ux{t') - i r - s) * d^ulis + t')ds. (4.7) 

^ Jo 

It is worth noticing that ||'S';^(t) * /||l2 = * fWi^ and 

WdiG'amL. = \\diG^{X'-''t)U. (4.8) 

for all 1 < p < oo. Application of di to (j4.7p and computing the L^-norm 
lead to 

\\diux{t + t')U2<\\diG^^{t)*ux{t')h^ 

+ 0^2 \\d.G^^it-s)*d^,ux{s + t')di-''uxis + t')\\L2ds. (4.9) 

By the inductive hypothesis, the first term in the right-hand side of (j4.9p is 
bounded by 

\\d^G^^{t)*di-\x{t')\\L^ < Ct-'/''\\di-\x{t')\\L^ < C{t')t-'/-. 

By symmetry, it is sufficient in the sum X]i=o (|4-9p to consider the indexes 
k = 0, ...E{j /2). The case /c = is a special case and has to be treated 
separately. Using Young and Holder inequalities and next estimates (|4.8p 
and (I4.6p . we obtain 

\\d,G^{t - S) * Ux{s + t')diux{s + t')\\L2 

< ||a,G^(t - S) 11^2/(3-.) \\ux{s + 0IIl2/(.-i) \\diux{s + t')\\L2 

< [A2-"(i _ ^,)]-(a+l)/2a;^l-(a-l){l+2/a)/2(^ ^ ^/)(l-a)/2a |[^i^^(^ ^ ^/)||^^ 

< c(s + t')it - s)-("+i)/2"|ia>A(s + t')llL2 (4.10) 
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since -(2 - a)(a + l)/2a + 1 - (a - 1)(1 + 2/q)/2 = 0. When k > 1, we use 
the inductive hypothesis combined with (j3.2p to get 

Wd^G^Jt - s) * d'.uxis + t')5r^A(s + t')h2 

<c{s + t'){t- s)-'^/''. (4.11) 

Bounding c(s + 1') in (j4.10p - (j4.1ip by supQ<g<2^ c{s + t') and inserting these 
inequaUties into (j4.9p let us conclude that 

||a>A(t + t')llL2 <c(Oi-'/" + c(t',T) 

+ c(t') / (t-s)-("+i)/2-||ainA(s + t') Iliads. 



This implies by the generalized Gronwall lemma [5] that for t' = t, 

\\diuxi2t)h2 <c(t,r) 

where c{t,T) is independent of A > 1. □ 

As noticed in Section [21 these uniform estimates (in A) imply uniform 
estimates in time of the solution. 

Corollary 4.2. Let uq G L\R) n L~(M) n W{R) for some j > 0. Assume 
that u is a solution of ^dKd V|] with 1 < a < 2 satisfying \2.4^ . Then 
assumption h2. 5|) is satisfied, i.e. 

sup II 5^n(t) 11/^2 < oo. 

Proof. First since uq € H^iM), we have u G C([0, oo[; if-' (M)) and thus 
supo<t<i ||c^'u(i)||L2 < oo. On the other hand, one easily verifies that 
\\diux{t)\\L2 = \^+^l'^\\ciu{\H)\\L2. Taking t = 1 and A = t^'"^ in this 
equality we deduce 

t^l^+^l'\\diu{t)U2 = \\diux{l)\\L2<C 

by Lemma This implies for t > 1 that ||9^n(t) |[j;^2 < c as desired. □ 
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5 Decay of solutions to (IdKdVI) 

In this section we prove Theorem 12.21 which has aheady been shown in the 
special cases {p,j) = (1,0) and {p,j) = (2,0) in the previous section. 



Lemma 5.1. Let uq G H^{M.) Pi L^(IR) and u be a solution satisfying ^2.4 
(KM). Then, for all t > 1 and N>1, 



Sa{t — s) * dxU^{s)ds 



H3 



< ^^-l/2a-i/a ^ ^^-7 g^^p || 1; W + ^"7 ^np \\diu{s)\\L2 (5.1) 

t/2<s<t t/2<s<t 

with 7 = 7(a) > 0. 

Corollary 5.1. If uq € W (R) D L'^{R) and if (2^-(KM> hold true, 

||n(t)||^, <c(l+t)-i/2"-^> 

for any t > 0. 

Proof of Lemma \5.1i One proceeds by induction on j. For j = we use the 
integral formulation (|1.6p and estimates ()3.5p and ()4.3p : 



L2 



Sa{t — s) * dxU^{s)ds = 2\\u{t) — Sa{t) * Uq\ 



<2\\uit)\\L2+2\\Sait)\\L2\\uo\\Li < Ct'^/^'' . 

Now assume the statement (and thus Corollary 15. ip is true for the k < j. 
We split the left-hand side of (j5.ip into 



Sa{t — s) * dxu'^{s)ds 



< 



Hi 



[■t/2 ft 

/ ...ds + 

Jo Jt/2 



.ds:=I + II. 



By the Young inequality and estimates ()3.5p . (|4.3p . we have 

rt/2 



I < 



dt'Sa{t-s)\\L2\\u{s)\\l2ds 



< c 



t/2 



{t - s)-i/2"~(i+i)/«(i + sy^/^ds 

< cf-V2a-j/a J^^-l/a ^-^ ^ s)-^/^ds^ 
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and for t > 1, 



t-i/" if a < 1 



i-V" / {l + s)-^/"ds <c\ t'Hogt if a = l <c. 
•^0 [ if a > 1 

To estimate II, we use Plancherel and we split low and high frequencies, 



II = c 



< c 



oo X 1 /2 

t/2 ^ J-oo ^ 
t , r .1/2 rt 

. . . + c 



It/2 W|g|<l ^ 

If 1^1 < 1, then e"^l^l" > e~^, hence 



1/2 

...de) ds -.= 111 + 112. 



t/2 ^J\^\>1 



Ih < C 



,-2(l+t~s)|5|«|t|2(j+l). ,2 



t/2 ^ J -co 
t 



1/2 



t/2 
t 



,Sa,{l + t- s)*diu^{s)\\L2ds 



<C \\d.,Sa{l + t-s)\\L2\\diu\s)\\Llds 

Jt/2 

3 



ft J 

A/2 , n 



Corollary 15.11 with k < j implies that 



s)h4di-''uis)h.ds. 



k=0 k=l 

+ c\\u{s)\\L2\\diu{.s)\\L2 
< c(l + s)-i/"-jV" + (1 + s)-'/^"\\diu{s)h2. 

(5.2) 

For the contribution of the first term in (j5.2p . we have 



t/2 

and for t > 1, 



Jo 



' t-^l'^'^ if a < 3/2 

t-i/^logt if a = 3/2 <c. (5.3) 
^ ti~2/a if a > 3/2 
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For the second one, one can write 

f {l+t- s)-3/2"(l + sr^l^^diu{s)\\L2ds 
Jt/2 

<c(r^/'^°' I {l + s)-^/'^'^ds] sup \\diu{s)\\L2 < cr'^ sup 

^ Jo ' t/2<s<t t/2<s<t 

in view of (j5.3p . Term II2 is bounded by 



t/2 ' 

■t 



e 



-^'-^\\cP,^K\s)\\j^.ds 



t/2 

i+1 



< c 



1 1/2 



fc=0 



By symmetry, it suffices in the previous sum to consider the values k = 
0, 1, . . . , E{[j + 1) /2). When /c = 0, assumption (j2.5p and Lemma [3T2] provide 

\\u{s)di+^u{s)\\L2 < \\u{s)\\L^\\di-^\{s)\\L-^ 

<c\\u{s)\\'J^\\u,{s)tJ^\\diu{s)\\^^^^^^ 
<c(l + .)-V4«||5.^(,)||^;W 

for any A'^ > 1. For /c = 1, we have by similar calculations 

\\ux{s)dlu{s)\\L2 < \\u^{s)\\L--\\dlu{s)\\L2 

< c\\u{s)f/2^ \\u,^x{s) \\%^\\diu{s) \\l2 

<c{l + s)-'/'^diu{s)h^. 

Note that if /c = 2, we must have j > 3. If j > 4, one has by the inductive 
hypothesis 

\\dlu{s)di-'^u{s)\\L2 < c\\dlu{s)\\L--\\di-^u{s)\\L2 

< c\\d'Ms)\\];2\\dMs)\\':!2{l + 

< c(l + s)-^/2a-j/a^ 
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<c(l + s)-2/"||aXs) 



If j = 3, then 

WUxx {s)Uxxis)\\L'2 < \\Uxx{s)\\l°°\\Uxx{s)\\l2 

< c\\Uxx{s)\\^/2\Wxxx{s)\\]^2\\Ux{s)\\^^2\\Uxxx{^^^^ 

In the end for k > 3 (and thus j > 5), 

< iiiHI^r 11^/' I, V2 

< c(l + s)-l/2«-fc/a+(-l/2a-{i+l-fc)/a)/2+(-l/2a-{i+2-fc)/a)/2 

< C(l + s)-5/2°-i/° < c(l + s)-l/2"-i/° 

This allows us to conclude that 

Jt/2 

< C[t-l/2a-i/a ^ ^-7 sup 11^2 + SUp \\diu{s)\\^^2^'^] f t-^'-'Us 

t/2<s<t t/2<s<t Jo 

< ^^-l/2a-i/a ^ ^-7 gup |[aJn(s)||i2 +Ct-^ sup |[a;jn(s)||^;^/^. 

t/2<s<t t/2<s<t 

□ 

In order to prove Corollary 15. H we need the following elementary result. 

Lemma 5.2. Let / : M+ ^ M+ bounded, and < < P and N > 1. We 

assume 

yt > 1, f{t) < ct-^ + ct'^' sup /(s)^~^/^. 
T/ien /or t and N large enough, f{t) < ct~^ . 

Proof. We show by induction that for ah n > 0, f{t) < cf'^HfiMi-m'^-jrr+jN)^ 
Thus for n large enough, one obtains f{t) < and it suffices 

to choose N so that P <jN + 1. □ 

Proof of Corollaru \5.1[ By (j2.5p . we only need to consider t large enough. 
Using p.Sp and Lemma |5.H it follows that 



||aj^x(t)||i2 < \\diSo,{t) * nolli^ + - / diS^it - s) * dxu'is)ds 



1 







L2 

<ct-^/^^-^/" + ct'^ sup ||a>(s)||i2 + cr^ sup ||a>(s)||J^;^/^. 

t/2<s<t t/2<s<t 
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Letting f — > oo, we deduce ||c^M(t)||2,2 
\\diu{t)\\L2 < 1 and 



0. For t 1, we thus have 



\\diu{t)\\L.<Ct 



+ ct-T sup \\diu{s)\\ 



L2 



t/2<s<t 



Applying Lemma [5^2] with f{t) = \\diu{t)\\ and /? = l/2a+j'/a, we obtain 
the desired result. □ 



Proof of Theorem \2.SX The result is already proved in the case p = 2. When 
p = 00, we use (I3.2P and Corollary 15.11 to get 



6 Asymptotic expansion 
6.1 First order 

In this subsection we prove Theorem 12.31 As previously, it suffices to show 
the result when p = 2 and uq G F^+2(M) n L\R). 
First, since u e Cb{M.+ , W (R)) , 

\\u{t) - Sa{t)*Uo\\j:j, < \\u{t)\\j:j, + \\Ga{t)\\Li\\uo\\H, < C 

and we reduce to consider the case t > 1. Using the integral formulation of 
(jdKdVp . we have 



um^^,,<c\\um'i-Mt)\\]il^<c{i+t) 



l/a-j/a 



The other cases follow by an interpolation argument. 



□ 
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Term I is bounded by 

pt/2 

I<c \\di+^Sa{t-s)\\LAHs)\\l,ds 
Jo 

(■t/2 

<C {t- s)-V2a-(i+l)/a(l + sy^/'^ds 

Jo 

^0 

r t{-i/2a-j7")-i/" if a < 1, 

< C I t(-V2-i)-l log(i) if a = l, 

[ ^(-l/2a-,7a)-(2/a-l) ^ > i_ 

To estimate /I we use Plancherel and we split low and high frequencies, 
II = c f ( r e-^^'-'^\^\"\^\^^^+'^'^{s,0\^dd'^'ds 

J t/2 ^ J ~oo ' 

<c [ (f ...d^y^'^ds + c [ ([ ...di]^'^ds:=Ih + Il2. 

J t/2 ^7|£|<1 ^ J t/2 ^7|£|>1 ^ 



It/2 W|«|<1 

II\ is treated as follows 



Ih<C \\So^{l+t- s)\\L2\\di+^u\s)\\L.ds 

Jt/2 

<C f {1+t- s)-^/2a(i ^ ^y2/a-j/a^^ 
Jt/2 

< ct-2/«-j/« f\l + s)-l/2a^g 

JO 

- f-2/a-j/a if a < 1/2, 

<c-j t-^'-^Jlogi if a =1/2, 

^ ^i-l/2a-j/a)+l-2/a if ^ > 1/3, 

f{-l/2a-j/a)-l/a ^ 

< c { t(-i/2-i)-i log(t) if a = 1, 

^(-l/2a-i/a)-(2/a-l) ^ > i_ 
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For the last term, we have 



1/2 <c r e-^'-'^\di+^u\s)\\L2ds 

Jt/2 



-it-s) 



< c I e 

It/2 

< ct(-V2«-i/Q)-2/a 



-l/2a~j/a~2/a 



which is acceptable. 



6.2 Higher orders 

Here we find higher orders terms in the asymptotic expansion of the solution 
to (jdKdVp . i.e. we give a demonstration of Theorems 12.41 and 12.51 



6.2.1 The case < a < 1 

First consider the case < a < 1, our proof follows Karch's one [9] (see also 

ID)- 

Proof of Theorem \2.4\ (i)- By interpolation, we only need to consider the 
case p = 2 and uq G H^'^'^iW). Split the quantity 



u{t) - Sa{t) * uo + -[^ J J u^{s,y)dydsjdxGait) 



H3 



1 

< - 
- 2 



dJSJt -s)-GJt- s)] * u\s)ds 





dxGa{t — s) * u {s)ds 







u {s,y)dyds)dxGa{t) 



J -00 



HO 



:=! + II. 
To estimate /, we write 



I <c \\dl+'[Sa{t - s) - - s)] * u\s)\\L2ds 
Jo 

pt/2 ft 

/ ...ds+ I ...ds := h + h. 

Jo Jt/2 
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Concerning /i, we use (|3.4p with = 0, 

ft/2 



h <c 



/ \\di+'[SUt -s)- Gait - s)]h2Ms)\\l,ds 
Jo 



t/2 



^0 

< ^^~l/2a^j/a~l/a^l~3/a^ 

which shows that ti/2Q^+j7"+i/"/-^ _> q, To deal with the integrand over 
[t/2,t], we note that \\[Sa{t - s) - Ga{t - s)] * u'^{s)\\j:jj+i < £11^^(5)11^^+1, 
hence 



/2 < C r \\di+^u\s)\\L2ds 
Jt/2 

t 



< C / (1 + s)-^/2a-i/a-2/a^g 

Jt/2 

< ^^-l/2a-j/a-l/a^l-l/a 



which is acceptable. Now we estimate term // by 
It 



II < 




v?{s,y)dyds]dxGa{t) 



1 rt . 
+ 2 







HI 
oo 



ds 



Hi 



dxGait - s) *u^{s) - ( / u^{s,y)dy]dxGait) 

'- ^ J — oo ^ -' 

:= III +112- 
Obviously, 

Ih<c \\u{s)\\l,ds\\ct^Ga{t)U2 < ct(-V2"-j7-)-i/« / + 
Jt Jt 

and it is clear that + s)~^^"ds — > as t — > oo. To estimate II2 one 

fixes 5 > and we bound it by 



II2 < c 



dx[Ga{t - s,- -y) - Gait, ■)]v?{s,y)dy^ds 
<c / dt^[Gait-s,--y)-Gait,-)]u\s,y)dy 

Jo J -00 



^ J -00 

t fOD 



Hi 

ds 



St rt 

. . .ds + / . . .ds 

Jst 

//21 +//22. 
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Then we split II21 in two parts, 

i"/2i<c / \\di+^[Gc,{t - s,- - y) - GUt,-)]u\s,y)\\L2dsdy 

J[0,5tlxR 



'[0,5t]xR 

= c / ... dsdy + c ... dyds 

= II2II + -^-^212, 

where 

rii = [0,5t] X [-6t'^/",+dt^/"], 

^2 = [0,St] X (] -oo,-(5t^/"[U] + 5i^/",oo[). 

For all {s,y) G Oi, a straightforward calculation provides 

\\di+'[Go^{t-s,--y)-GUtr)]\\L-^ 

= t-^/2"-^/"-i/"||t?^+i[G„(l - s/t, ■ - yt-y^) - GM, -Ml^- 

Hence, using the continuity of the translation on L^, for all £ > 0, we can 
find a S > such that 

^il/2a+j/a)+l/a ||^+1 [^^(i _ . _ y) _ ^^(t, •)] ||^. 

(s,j/)eni 

< sup \\di+\G^il-T,--z)-GUl,-)]\\L^<e. 

0<T<<5 
\z\<S 

We deduce 

t-St rSt 
^il/2a+j/a)+l/ajj^^^ < CS / \\u{s)\\l2ds < CE (1 + < CE. 

Jo 

Now for any (s, y) G ^2, we have 

\\di+\Go^{t -s,--y)- Gait, -Ml^ < Wdt'G^it - s)h2 + \\di-^'Ga{t)h2 

< ^^-l/2a-(j+l)/a^ 

which yields 

tiy^»+^M+y^ 11212 <c / u^{s,y)dyds ^ 

Jo J\y\>St^/°' 
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by the dominated convergence theorem. 
It remains to estimate 1/22, we have 

II22 = C f \\di:^^G^{t - S) * u\s) - \\u{s)\\l2dt^GamL^ds 
J St 

<c[ \\di+^Gait- s)*u\s)\\L2ds + C [ (l + s)-l/"ds||a^+lG„(t)|Ii2 

Jst Jst 

= II22I + -^^-^222- 

The first term is bounded by 

< c A|IG„(1 + t - s)U2\\di:^W{s)\\L. + e-^'-^di-^W{s)\\L2]ds 
Jst 

Jst 

and thus t^/^"+-?/"+^/"/l22i 0. On the other hand, we have immediately 

//222 < ct-l/2a-i/a-l/a^l~l/a^ 

which achieves the proof of (j2.7p . □ 
6.2.2 The case a = l 



The proof of (12. Sh uses the same arguments together with the following 
result. 

Lemma 6.1. Under the assumptions of Theorem \2.4\ (H), 

1 /■* r 2/ ^^ ^ 
hm - — - / / u {s,y)dyds = —. 

t^oologtJo J -00 27r 



Proof. First note that 
1 

logt 



— / u\s,y)dyds<-- il + s)-^ds<--^0 
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and it remains to calculate the limit as t ^ oo of 



t roo 



logt 



ti^(s, y)dyds 



1 



t fOQ 



1 J — oo 



logt J I 

1 

+ 



oo 

t fOO 



logt 




{u\s,y) - {MGi{s,y)f)dyds 
{MGi{s,y)fdyds. (6.1) 



1 J — oo 



Using Theorem 12.31 as well as estimate (j2.2p , we get for all s > 1 



\u^{s,y) - {MGi{s,y)f\dy < \\u{s) + MGi{s)\\l2\\u{s) - MGi{s)\\ 



L2 



<cs-'/^Ms)-Si{s)*uoh2 
+ \\Si{s)*uo-MGi{s)h2) 

< cs~^ log s. 



It follows that 
lo~ 



1 /"* c /■* 

— / / \u\s,y)-iMGiis,y))^\dyds<-- s-^logsds^O 

'St J I J^oo logt 7l 



by dominated convergence. The last term in (|6.1|) is equal to 



1 



t roo 



logt J I 



iMGi{s,y)fdyds 



M 



2 ft roo 



logt 



s-\Giil,y/s)fdyds 



1 J — oo 



M2 /•* ds /■°° 



logt 



{Giil,x)fdx 



M'\\G,{l)\\l2 
27' 



Proof of Theorem \2.4\ (ii)- It is sufHcient to show that 
rt A #2 



□ 



logt 



/ a,Si(t - s) * u\s)ds - — (logt)5,Gi(t) 



for all j > 0. As in Theorem 12.41 (i), we can replace Sa{t — s) by Ga{t — s) 
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by writing 



/ d^Siit - s) * u\s)ds - (logt)d^Gi{t) 

Jo 



Hi 



< 



dxiSlit -s)- Gi{-t - s)] * u^{s)ds 



Hi 



+ 



/ dxGi{t - s) * u\s)ds - —{\ogt)dxGi{t) 
Jo 



Hi 



and using (j3.4p . Last term in the previous inequality is bounded by 
' ^r.G^(t-s)*u^(s)ds- ( I I u^{s.v)dvds'\d,G^{t) . 

HI 



< 



^ d^Giit - s) * u\s)ds - p u^{s,y)dydsY,Gi{t) 

r-t i-oo jij2 

J u\s,y)dyds)d,Gi{t) - —(\ogt)d,Giit) 



Hi 



The first term is estimated exactly in the same way that II2 in Theorem [2 
(i) and for the second one, Lemma l6 . 1 1 provides 



logt 

1 

< C 




u\s,y)dyds]dxGi{t) - —(log 

u^is,y)dyds-—\\dt'G,{t)h2 
00 ^71" 



HI 



log t Jo 

t POO 




log t Jo 



u^{s, y)dyds 



□ 



6.2.3 The case 1 < a < 2 

Finally we consider the case 1 < a < 2. 

Proof of Theorem \2.5l We prove the result when p = 2 and uq E H^^'^{ 
Step 1. \\F'"'{t)\\^j decays like 

Ifn = 0, thenfor ah j > 0, = \\diSa{t)*uo\\L2 < c(l+t)-i/2^^-j/". 

Let n > such that for ah j > 0, < c(l + t)-i/2Q-j7a _ ^^g^^^ f^j. 
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any t < 1, 

WF^-^'m^, < \\Sait)*uo\\H,+ f\\Sc.{t-s)*d,{F-{s)n^,ds 

Jo 

Jo 



< 

< c. 

Now assume t > 1. We have 



WF^'+'mjj, < \\Sa{t)*uo\\H, + f\\Sa{t-s)*d,{F^{s)fy,ds 

Jo 

ft/2 ft 
< C(l+t)-l/2a-i/a^ / ___ds+ ...ds. 

Jo Jt/2 

The integrand over [0, is estimated as fohows 

ft/2 rt 
It/2 



s)\\\2ds 



ft/Z ft 

/ ...ds< \\di+'S^{t-s)U4F-{, 

Jo Jt/2 

ft/2 

<C {t- s)-V2a-0+l)/a(i ^ sy^^^ds 

Jo 

< ct-V2«-i/«(^i-l/a ^ (1 + 



For the second one, one sphts 
rt rt , roo 



[ ...ds = c[ ( r |epO+i)e-2(*-)l«l"|(F^)2(e)pd^^ 

Jt/2 Jt/2 ^ J-OD ' 

<c [ ( [ ...d^) ^'^ds + [ ( [ ...d^) ^''^ds 

Jt/2 ^^|{|<1 ^ Jt/2 ^^|{|>1 ^ 

:=/ + //. 
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Term I is bounded by 

I<cf \\di+^Sa{l+t- s)*F''{s)\\L2ds 

Jt/2 

<cf \\So.{l + t-s)\\LA\di-^\F^{sf\\L.ds 

Jt/2 

Jt/2 i^^Q 

<c f {1 + t- sy^/^^'ii + 

Jt/2 

^^^-l/2a-j/a(^-3/2a j\^^^yl/2^^^^ 



< ct-^/'ioc-j/a 

and II is estimated by 



.t i+i 



/ e-^'-ndi-^\F-{sf\\L.ds < c f e-(*-) \\d',F-{s)h4dt'-'^F-{s)\\L^ds 

Jt/2 Jt/2 



*/2 jfc=o 

+2-fe F"^.M|V2, 



< c /" e-(*-^' (1 + 

We have showed that < c(l + t)-V2a-j7a induction, 

this estimate becomes true for any n > 0. 

Step 2. We claim that if for all j > 0, \\u{t) - < c(l + 

and (n) = ^ + '^o (^) ) then 



(1 + f)-l/2a-i/a-l/a jf 1 " ^ " ro{n) < 0, 

(1 + t)-i/2a-j7a-i/Q iQg(;L + t) if 1 - ^ - ro(n) = 0, 

(1 + t)-l/2«-j/a-l/a+l-l/2a-ro(n) jf 1 - ^ - ro(n) > 0. 

Indeed, first for t < 1 it is clear that ||n(t) — is bounded. If t > 1 
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we have by definition of F", 

\\u{t) - F-+\t)\\^, <\f^ Wdi-^'S^if - s) * [u\s) - {F-{s)f]h.ds 

pt/2 rt 

= ...ds+ ...ds:=III + IV. 

Jo Jt/2 

We bound the contribution of III by 

l-t/2 

III<C \\di+'Sa{t-s)h4u\s)-{F^is)f\\L^ds 

Jo 

ft/2 

<c (t- - F^{s)h.{\\u{s)U2 + \\F^{s)h.)ds 

Jo 

pt/2 

<C {t- s)-V2«-0+l)/a(-i + gyl/2a-ro{n)^g 

Jo 

' (1 + f)-l/2a-i/a-l/a jf 1 - ^ - ro(n) < 0, 

<c\ (l + t)-V2«-i/«-i/«iog(l+t) if i_^_ro(n) = 0, 

, (1 + t)-l/2«-i/«-l/a+l-l/2a-ro(n) jf 1 _ ^ - ro(n) > 0. 

Then we decompose lY as 

It^ = c^*^ ( 1^ |^p(^+i)e-^(*-)l^l"|^[u^(.) - {F-{s)fmfd^^'^ds 

<c [ ( [ ...dc) ^''^ds + [ ( [ ...dA ^''^ds 
Jt/2 ^J\e.\<i ' Jt/2 ^J\i\>\ ' 

— IV1+IV2. 

Low frequencies are treated as follows, 

m< f \\di+^Sa{l + t-s)*[u\s)-{F^{s)f]\\L'^ds 

Jt/2 

<cf \\S^{l + t-s)\\L4di-'\u\s)-{F-{s)f]\\^.ds 

Jt/2 

<cj\l + t- WdtHs) - F-{s)\\\r^.m+'-^u{s)\\r^. + \\di+'-^F-{s)\\r^.)ds 

Jt/2 

ft i+1 
< C / (l+t- S)-V2" V(l + s)-'^*(")-V2«-(i+l-fe)/«^5 
Jt/2 



'*/2 k=0 
< gy^^-r-fcW+fc/Q-j7Q+l-2/a ^g_2) 



fe=0 
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and since rfe(n) = ^ + ro(n), we infer IVi < ct ■?/"+^ In the same 

way, 

IV2 < c f e-^'-^di+^uHs) - {F-{s)f]U^ds 

Jt/2 

< c / e-(*-') V(l + s)-^^W-V«-(i+i-fc)/«(|s 

i+i 

< g ^~rk{n)+k/a-j/a-2/a 

< ct-'^o(n)-j7a-2/a_ (-g_3^ 

Combining (|6.2p and (j6.3p . we deduce 

r (1 + t)-i/2a-j/a-i/a if 1 - ^ - ro(n) < 0, 

/l^<c<^ (l + t)-i/2"-j/°-V"iog(l + t) if i_^_ro(n)=0, 

i (1 + t)-l/2t.-j/«-l/a+l-l/2a-ro(n) if 1 _ ^ _ ^^^(^j > Q. 

Step 3. Construction of rj{n) and conclusion. 

We define the sequence rj{n) by iteration. Set ''j(O) = ^ + ^ + ^ — 1 for all 
j > 0. We have ||M(t) - < c(l + xheoremESl If rj{n) 

is constructed for all j, then we set 

rfn + l)-| ^ + - + - if l-2k-ro(n)<0, 

^^^" + '^-1 ro(n) + ^ + |-l if l-^-ro(n)>0. ^'"'^ 

We easily see that rj{n) = ^ + ?'o('^) for all j, thus Step 2 shows that for 
any n > satisfying 1 — 2^ — ro{n) < 0, 

r (i + i)-i/2a-.7«-i/a if i__L_,o(^)<o, 

- \ (l + t)-V2"-j7"-i/«iog(l + t) if i_^_ro(n) = 0. ^ ^ ^ 

Let us prove that the sequence n rj{n) is eventually constant. Suppose 
that 1 — 2a ~ ''o('^) > for all n > 0. Then by ()6.4p we obtain rj(n + 1) = 
?'o(?T') + a + § ~ 1 (Vn). In particular ro(n + 1) = ro(n) + ^ — 1 and thus 
'^o(n) = n(| - 1) + ro(0) = (n + 1)(| - 1) + ^. Since | - 1 > 0, this 
contradicts the assumption ro(n) < 1 — ^ for n large enough. Hence there 
exists n > such that 1 — 2« ~ ^o(^) ^ and we can set 

N = mm{n > : 1 - ^ - ro(n) < O}. 
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For this value of A^, it is not too difficult to see that 

^"l h + i + ^ if n>N. 



It follows that N = min{n >0:l-i-(n + - 1) < 0} = min{n > : 

n+2 



ct < "^^to }- From this and (j6.5p we infer 



N+l I (1 + if g < 2Af+3 ^ 



Af+2 ■ 

□ 
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